INTERNATIONAL JOURNAL OF

OLIDS and
STRUCTURES

www.elsevier.com/locate/ijsolstr

PERGAMON International Journal of Solids and Structures 37 (2000) 5599-5628

The micromechanics theory of classical plates: a congruous
estimate of overall elastic stiffness

Shaofan Li

Department of Mechanical Engineering, Northwestern University, 2145 Sheridan Road, Evanston IL 60208, USA
Received 16 September 1998; in revised form 26 August 1999

Abstract

A micromechanics theory is set forth for classical, or Love—Kirchhoff plate. A generalized eigenstrain theory, an
eigen-curvature formulation, is proposed, which can be viewed as the analogue, or counterpart of the eigenstrain
formulation in linear elasticity. This thin plate version of micromechanics is capable of dealing with heterogeneous
inclusions, or inhomogeneities, whose size is comparable with the thickness of thin plates, under these
circumstances, the continuum micromechanics theory is no longer applicable. The paper consists of three parts. In
the first part, the solution of the elliptical inclusion in an infinite thin plate is revised. In the second part, several
variational inequalities of the Love—Kirchhoff plate are derived, including a Hashin—Shtrikman/Talbot—Willis type
principle. In the third part, as an application, exact variational estimates are given to bound the effective elastic
stiffness, and a self-consistent scheme is also discussed. The newly derived bounds are congruous with Love—
Kirchhoff plate theory, i.e. they are genetic to the governing equations of Love—Kirchhoff plate. They may serve as
the alternatives together with the Hashin—Shtrikman bounds in linear elastostatics in the design process of
composite plates. © 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The micromechanics of elastic and inelastic materials have been expanded vastly in the past two
decades (Mura, 1987; Nemat-Nasser and Hori, 1993 and references therein). The main impetus for such
progress is the need for understanding behaviors of various composite materials, which occupy the
center stage of modern technology. However, from civil engineering, or structural mechanics point of
view, there is still a gap between the established micromechanics theory and the engineering design
practice. When structures are made of composite materials (indeed they are, most of them, if not all of
them), to assess the overall elastic stiffness of a structure, one has to consider the particular type of
structure theory that is chosen in the design process. In practice, when a composite plate has a definitive
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structure, such as a sandwich plate, or laminar plate in general, to evaluate the overall elastic stiffness of
the plate structure, a class of composite plate theories have been developed in last half century, which
take into account the specific micro-structure of the plate (e.g. Christensen, 1979; Parton and
Kudryavtsev, 1993). Nevertheless, for the composite structures that are made of several random-
distributed heterogeneous materials, to this author’s knowledge, there is no systematic theory available
to evaluate the overall effective elastic stiffness of the structure.

The folk wisdom on the subject is: if a structure is made of random-distributed, or isotropic
unstructured, composite materials, one may first evaluate the overall effective elastic modulus by taking
the object as a three-dimensional (3D) elastic medium, and then apply the particular structural theory to
the equivalent elastic body. There are flaws or limitations in this type of design philosophy. In general,
the kinematic assumptions of different structural theories, the director theory of plates and shells for
instance (Naghdi, 1963, 1972), always introduce internal constrains on constitutive relations, such that,
the approximated constitutive relations, or the structural constitutive relations are always anisotropic in
character, and consequently differ from the constitutive relations of 3D isotropic elastic body, because
the structural constitutive relations are special “projection” of 3D constitutive relations. For thin plate,
in particular, the Love—Kirchhoff hypothesis (Love, 1926) assumes that the transverse shear modulus
within the plate’s cross section is infinitive, and consequently the transverse shear deformation of the
cross section is always zero under the finite shear resultance, which is the source of induced
“anisotropy”’. Lucid accounts on projection of linear elastic constitutive laws onto plates and shells are
given by Naghdi (1963, 1972). Apparently, there are fundamental distinctions between the concept of
elastic modulus in a continuum and the concept of elastic stiffness in a specific structure, though,
unfortunately, these differences are sometimes overlooked by practitioners. It is our opinion that any
unscrupulous use of the overall elastic modulus derived from micromechanics of linear elasticity will not
be consistent with the type of structural theory adopted in design process.

In addition, continuum micromechanics is based on the notion of representative volume element (Hill,
1963a). If the size of an inclusion is large enough in comparison with the thickness of a plate
(mathematically speaking, if they are in the same order), the concept of representative volume element
will be no longer valid, because it has lost its original statistical implication. In reality, most structural
components, such as beams, plates, and shells, are lower order dimensional manifolds, meaning that the
characteristic length in thickness direction is much smaller than those in the other directions; thus,
situations may occur that the size of inhomogeneities in a structure is in the same order of the thickness
of the structure, which may lead to another type inaccuracies if one applies continuum micromechanics
without discretion.

In this paper, we develop a micromechanics model within the framework of thin plate theory itself.
The proposed congruous theory of micromechanics is based upon the following assumptions:

(1) The composite plate is assumed to fulfil all the kinematic assumptions of Love—Kirchhoff plates.
(i1) The composite plate is made of several different constituents, and each phase of the composite is
dominant in the thickness direction of the plate, or at least approximately.

In other words, the composite plate that we are concerned with, is homogeneous in thickness direction
of the plate, whereas its elastic stiffness, or compliance varies on the plates’ middle surface. This allows
us to replace the notion of representative volume in three-dimensional continuum by a notion of
representative surface area on the plate’s middle surfaces. Fig. 1 illustrates an ideal physical model of
such composite thin plate, which is considered to be macroscopically isotropic within the plane surface.
Since the composite plate is homogeneous in thickness direction of the plate, one may slice off its middle
plane from the plate to obtain the representative surface area. In continuum microelasticity, the length
scale of the representative element is unspecified; it can be viewed as a very small quantity
macroscopically, whereas it can be also viewed as infinity microscopically. In the theory of Love—
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Fig. 1. The physical model of a thin plate made by unstructured composite materials.

Kirchhoff plate, the lateral dimension of the representative area element is bounded below; which has to
be large enough comparing with the thickness of the plate, such that any boundary-value problem of the
thin plate equations involved with a surface representative area element will make sense under the
Love—Kirchhoff kinematic assumptions. In consequence, the Love—Kirchhoff plate theory introduces an
intrinsic length scale 4, which defines the scale for its associated ‘“‘micromechanics”. Nevertheless, the
lateral dimensions of inhomogeneities, and inclusions within a representative surface area element are
allowed to be arbitrarily small, since the governing equations of the thin plate is valid pointwise, or can
be treated as “‘field equations”. Another substantial restriction in this model is the requirement that a
composite plate has to be homogeneous in thickness direction. In actual practice, such restriction on the
distribution of inhomogeneities of the plate might be relaxed to as being approximately fulfilled.

In fact, the idea of developing independent micromechanics for structural theories is not new; Qin et
al. (1991) apparently are the first group of people who realized that there is a parallel analogue between
continuum micromechanics and structural micromechanics, and attempted to explore the possibilities.
Unfortunately, the early study was reluctant to adopt the notion of eigen-curvature, showing
sentimental string attached to continuum micromechanics, and it had not been carried out to final stage.
The paper is organized as follows. In Section 2 and Appendices A and B, the inclusion theory of the
thin plate is reformulated to amend the previous results. In passing, several elementary lemmas are
stated, which are instrumental to establish the average ensemble properties of a composite thin plate. In
Section 3, another important technical ingredient of micromechanics, the well-known Hashin—Shtrikman
variational principle, is studied, whose presence is speculated to be in every conservative, elliptic
systems. The recent extensions to piezoelectric medium and strain gradient dependent elasticity are clear
evidences (Bisegna and Luciano, 1996; Smyshlyaev and Fleck, 1994). In Section 4, explicit bounds for
thin plate’s rigidity are discussed and a self-consistent estimate is also presented. The emphasis here is
placed on the differences between the micromechanics of linear elasticity and that of Love—Kirchhoff
plate theory.

2. Generalized eigenstrain (eigen-curvature) formulation

2.1. Preliminary

There are many treatises on thin plate theory; for our purpose, Love (1926) or Timoshenko and
Woinowsky-Krieger (1959) is sufficient. For easy reference, the basic properties of thin plates are
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w(0)

Fig. 2. The configuration of a thin plate.

provided when they are needed. Assume that Q is a simply connected, bounded region in R?, which has
a smooth boundary; subsequently, the normal vector, n, and tangential vector, s, on 9 are uniquely
defined'. The material space of the plate is defined as: Q x [—h/2, h/2] C R?, (see Fig. 2), where A is the
thickness of the plate made of composite material. We assume that the plate has n different phases, and
each phase has a different elastic modulus. The deflection of the plate is defined as the mapping w:Q +
—R. The deformed middle surface of the plate is the graph {(Q, w) C R*}. As an a priori condition, all
the kinematic assumptions (the Love—Kirchhoff for instance) about the plate are assumed automatically
fulfilled for the composite plate under consideration.
The curvature of the plate is defined as:

92w

_Bxaaxﬂ

kap = 1)

where (and in the rest of the paper) the Greek index always ranges from 1 to 2. The constitutive

relations of linear elastic plate are expressed in terms of moments and curvatures:

Myp = Lot[f{ﬂkg”n (2)

kop = Nypeymyy (3)

where L., and N,p, are elastic stiffness and compliance tensors, respectively. The equilibrium
equation of thin plates is

Mg, op +q= 0 (4)

Let M,:=M,gn,ng, M,:=M_,pn,sp, Qn=M,p pgn,, where n,, sz are components of the normal and
tangential vectors of 9Q. The typical boundary conditions can be posed as

Clamped boundary conditions:

. ow
w=w; — =
on

v, VxedQ (5)

! Consequently, we save some troubles in dealing with the corner conditions.
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Force prescribed boundary conditions:

. IM, 4
My= My Vy=Qy+ — = =V, Vx€iQ (6)
A

Simply supported boundary condition:

w=Ww; M, =M, VxecdQ @)
Mixed type boundary conditions can be posed by blending them together. In this paper, we are mainly
interested in the purely deflection prescribed boundary condition (5) and purely force prescribed
boundary condition (6). According to convention, the deflection, w, that satisfies deflection prescribed
boundary condition (5) is referred to as the kinematic admissible deflection field; whereas, the moment
tensor, m,p, that satisfies Eq. (6) and the equilibrium equation (4) is referred to as the statically
admissible moment field. Before proceeding further, it would be expedient to review some basic formulas
of thin plates.
Lemma 2.1. Let Wo(Q) = {wlw € H'(Q), w = 5% = 0}, kyy = —w o and m); € c*(Q). The condition

” mygkyg dQ =0, Vw e Wy(Q) 8)
Q

implies that: m), . =0, ¥x € Q.

Proof. Integration by parts yields

aM° aw
” migkyp dQ = J) 0% 4+ 1 JwdS — % md— dS — ” miy W dQ = — ” miy L dQ
Q a0 ds a0 | On Q ’ Q ’

The claim then follows immediately. &

Lemma 2.2. Let kyp € C 2(Q), Myp € Cg(Q), and myp, op = 0. The condition

JL) m“/;k%ﬁ dQ =0 (9)
implies
€mkop gy =0, VX € int{Q} (10)

if ko, p are smooth enough.

Note that where ¢,p, is the 2D permutation symbol, which is defined as

I, o>p
€p=140; a=p (11)
-1, a<p

Proof. Since m,g .5 = 0, there exists smooth function ¢ € C 3(Q) such that
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Map = €79 o

By Gauss theorem and integration by parts,

(12)

JJ k,, féw¢,y/f dQ = + ewqb’yk%,;nﬂ ds — + 600/(1)/(@/;’ gy ds + JJ 6\%,/{“/;, [;}-¢ dQ = JJ Ewk“ﬁ, [quﬁ dQ
Q Q 0Q Q Q

=0
Eq. (10) follows immediately. &

Lemma 2.3. Suppose myp o5 = 0. The following identity holds

! 1
T dQ = — o) . . 1 dsS
1%] JJQ ap 21Q| Lg{ms“‘cﬁné o+ Xty = My, XX phc

Proof. First one may verify the following identity

_ 8(m§ax,;) N 8(m,7/;xa) N 1 182(m5nx1x/;)

— M X X R —
dx¢ X, 2 et T S T o,

Myp

If Mgy, oy = 0, then

d(MmeuXp)  d(ypxy) 107 (MmyXaxp)
+ _
axy¢ 0xy 2 0xgdx,

m“/; =

Eq. (13) follows immediately by Gauss theorem. &
Define

gy

It is relatively straightforward to show that

Lemma 2.4. Suppose myp 5 = 0, the following identities hold:
1.

1 1
] # Q(moclfnoc — (myp)ny) (wp — (wp)) dS + —1; (Map, altp — (Mg o )mg) (w — (we)xy) dS
2

12 Jho
= (m):(k) — (mk)

(13)

(14)

(15)

(16)

(17)
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—1 — 1
Q + (kp)x,) dS + —
1€2] ag(m“ﬁn“ (map)ng) (wp + (kyp)x;) dS + €2
—m’ + 1 ”2ﬁcx ng
% (“%cﬂ,o: I’l/} n’la/g. “i’l/;) w z(k@ﬂX;xn ds = # (]8)
0Q

?l; (w + %(kgn)xL;xO dS + (m):(k) — (m:k)
90

where mgﬂ’ g Is any constant. &

2.2. The solution of elliptical inclusion problem

The elliptical inclusion problem in classical plate theory was first attempted by Qin et al. (1991).
Nevertheless, the solution provided by Qin et al. is derived as a degenerated case of the 3D linear
elasticity solution, and it appears that there may be few errors in the calculation; therefore it is
worthwhile revising the solution. To start with, we consider the fundamental solution of an isotropic
thin plate, which is governed by the following biharmonic equation

DVAVil(x, x') = 8(x — x) (19)

where D:=ER* /(12(1 —v?)), is elastic rigidity, and v is the Poisson ratio. Note that V>=V; =V, The
solution of Eq. (19) is well known: g

1
G / 2
wo(x,x') = 8D Inr (20)

where r=[x"—x| = \/(x{ —x1)2 +(x;— x»)2. Consider F o= ;’x", = cos(r, X, — Xy), X, — Xy = 7. It is not
difficult to find that

o

32wC 1) 1
kG, = — = 2mr+1 —} 21
= ox,0xp {8nD( et s @D
1 (1-v)
mg/),z _E{(l —v)rﬁxr,ﬁ+5a[;[l +v(lnr+1)— 3 :H (22)
Subsequently,
1
mi = —m{(l FV)Oupry A+ (1= V) (Ot g 4 Oyt — 20t pr ;) | (23)

Obviously, mgﬁ’ ,—0, as r—o00.We now consider the thin plate’s version of “Eshelby problem’™: an
infinite plate with no external load, in which there is elliptical inclusion, ., embedded at the center (see
Fig. 3) and there is an eigen-curvature field prescribed inside the elliptical inclusion, i.e.

Vx € Q.

oy — | K
Fap) = { 07 vxeaa @)

The equilibrium equation then takes the form
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Myp, op + mz/ﬁ o = 0 (25)

where m; is the induced eigen-moment, n1;=—Lypyk?,. The prescribed eigen-curvature field may suffer
discontinuity across the boundary of the inclusion, and the derivatives of kj; may be understood in a
distribution sense. The integral equation for the thin plate becomes

w(x) — + My (X Ing(xIwe(x, x') dS’ —i—{s myp(xIng(xIwS (x, x") dS’
I's I's

_ % mgﬁ(x, x)w,(xIng(x) dS’ +§ myGﬁ ﬁ(x, x)w(xIn,(x") dS’
I r

00

- ” K (xImGy (x, x") dQ’ (26)
Q

e

Note that all the derivatives in Eq. (26) are taken with respect to x'. Since w7, ntg, nis ,—0, as
[x| — o0, it is reasonable to assume that w,, m,g, m,z ,—0 as |[x|—oo By considering the behaviours of
the Green’s function, perturbation field, w(x), and the eigen-deformation field at the infinity, the
deflection field induced by eigen-curvature can then be described as

w(x) = JJQ kzp(x')mfﬁ(x, x')dQ’' = JQ k;/}(x')mgp(x’ —x)dQ’ 27)

If the eigen-curvature is uniform inside the inclusion, we have

k* i —
w(x) = —4%5 JJQ {(1 —WVIrarp+ 0, (1 +v)Inr+1) — a 3 V)] } dQ’ (28)

Differentation (28) and denote r;=(x; —x¢)/r = £;. By using the integration scheme illustrated in Fig. 3

X2

unit circle

B

X' |

\\y X1

Fig. 3. The integration scheme inside an elliptical inclusion.
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and choosing the polar coordinate: dQ'=r dr d0, Eq. (28) leads to

k* 2n rp
we(X) = 4L7f JO L {(1 — V)[éagﬁp + Opely — 2@&/}&"] +(1+ V)Eg&,(/;} dr do

where p = p(£,, x,) is the root of the quadratic equation:

(x1+ptr)? _ + ptr)? _

2 2
aj a;

1 (29)
Solving Eq. (29), we obtain

[¢2
p(@u,xu)z—gi %-’-g (30)

2 2 5 B
where f = J,x, 7, = (8. g = s+ 5. e =1 — (b — Tr.Because +/f 2/g> + ¢/g is an even function of
(¢, £,), subsequently, " R : :

% 21w /oa
off AuX y
e = =2 [ (S50 =0ty + et = 266581+ 0+ D 00 G1)
and furthermore
U (% (2O * Ky (77 Zn8cup
where
gCa[F:(l — v)[éagéﬁ + Oprly — 2£a€/g€g] + (1 + V)EC(S“[; (33)

Since wy, = w,;, we symmetrize the integral representation (32),

! kg (7 (Fn8tap + 2c8uap)
ky = 500+ war) = o2 L S (34)
Define tensor Sp.p as
U (2" (Ay&ups + Argupn)
Senup = — | X T 4p 35
= 8 Jo g G5)
We then obtain the desired result,
ko = Senapkiyg (36)

where tensor S, is the Eshelby tensor of thin plates.

Remark 2.1. Obviously, the induced curvature inside the elliptical inclusion is constant, which is the
reminiscence of Eshelby’s classical result in linear elasticity, in which the induced strain inside the
ellipsoidal inclusion is constant (Eshelby, 1957). Qin et al. (1991) had reached the same conclusion.
Nevertheless, there are some differences in the expression of tensor Sy,p between present result and the
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result given by Qin et al.. In Appendix A, explicit expressions for every component of Syyp are given, and
they are also compared with the results in Qin et al. (1991)

Remark 2.2. The existence of integrals (28), Eq. (31), and Eq. (32) can be shown in a similar fashion as
done by Kellog (1953). A discussion of general symmetrized gradient may be found in Torquato (1997).
One of the mistakes in Qin et al. (1991) is that the gradient field is never symmetrized.

3. Variational inequalities for thin plates

Over the years, the abstract structure of comparison variational principle has been developed. It
departed from the original Hashin—Shtrikman formulation (Hashin and Shtrikman, 1962a, 1962b),
adding the contribution from Hill (1963b), then evolving to today’s Talbot and Willis formulations
(Talbot and Willis, 1985; Willis, 1989), which possess both elegance in theory and generality in
application. For a contemporary treatment, Talbot and Willis’ formulation is adopted here to derive the
variational inequalities for thin plates. As a systematic study, the elementary bounds (Voigt, 1889;
Reuss, 1929) are also studied in the framework of variational inequalities. At the first sight, such
extension to thin plate theory may seem to be trivial. However, we are now dealing with the variational
principles of a fourth order partial differential equations, which is different from the governing
equations of linear elasticity, such as how to choose prescribed boundary conditions for comparison
plates. To facilitate the presentation, a few definitions are in order. Define following function spaces

. 9 -
WI(Q)zz{wlw e C*(Q);w=1wand w, = 8—‘: =, Vx € BQ}

W (Q):={wlw e CHQ); V>V?w =0, Vx € 3Q}
1
Wg(Q):z{wlw e CHQ);w= —E(kw)xix,;, Vx € 89}

%OQ::{maMmaﬁ eC Z(Q)a Myp, ap = O,}

OM s
as

%I(Q)zz{m“ﬂww € My, and <Qn + > —V,and M, = M,,Vx € BQ}

MANQ):={myplm,p € C2Q); myp = (myp) and myg 5 = 0, Vx € Q)
3{/0(9)::{](1[3“{&[3 = _W,uﬂ;}
f1(9)=={k1ﬂ|kaﬁ = —WupW € Wyl(Q);}

H A Q)i={kypllsp = —wapsw € W1(Q) N W 2(Q);}
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J{/3(Q):{kazﬂ|kotﬁ = —WypW € n//I(AQ) N n/%3((2)’}

The density of the linear elastic energy of a thin plate, U(k) is a quadratic form:
Uk) = “[;g,,k%[;kw (37)

It is evident that the potential energy density function is convex, lower semicontinuous, and proper. The
moment tensor, m=m,ge, ® eg can then be obtained from the constitutive relation,

dU(k)

E ,orm € 9, U(K) (38)

ma[)’ -

where 9; is the notation for sub-differential (e.g. Ekeland and Temam, 1976). By Fenchel-Legendre
transformation, the density of complementary energy is

U*(m) = sup{m: k — U(k)} (39)
K
The constitutive relations inverse to Eq. (38) is

ko = Tm or k € 9mU*(m) (40)

3.1. Elementary variational inequalities and elementary bounds

We begin with listing some elementary variational inequalities that are based on the principle of
minimum potential energy and the principle of minimum complementary energy of thin plates. For the
first type boundary condition, Vk,z € A 1(£2), the plate’s potential energy is defined as

1
I100k)e= J J Lugenkophcn 42 (1)
Q

We denote E(k) = I1(Kk), if k,p € A4 »(2) C 2 "1(£2). The principle of minimum potential energy states that

EK)= inf II(k) (42)
ke 1(Q)

Under the same type of boundary conditions, the complementary energy of the plate is

1 oM, and
F(m) = E JJQ N%/;g,,mwmgn dQ — J} (Qn )W dsS + J) 5 M”W ds
d

1
== JJ Noprymopmy, dQ — JJ ma/;kgﬁ dQ (43)
2)Ja ' Q

where m,p € Mo(Q), W' € W1(Q).
The principle of minimum complementary energy states that

—EK)= sup I'(m) (44)
melo(Q)

or
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1
E(k) = inf {“ mypkoy dQ—fJJ Noyptyapmey dQ}, Vky, € A1(Q) (45)
metto@ | ) o 2))e )

Consider the second type boundary condition (force prescribed), the overall complementary energy is
1
F(m) = 5 JJ N%g‘:nmlﬁmg,, dQ, Vmiﬁ (S ,ﬂl(.Q) (46)
Q

The principle of minimum complementary energy states that

E*(m)= inf I'(m) (47)
me. i (Q)

where the minimizer m € .#(£2) ensures that k,g = N,prymy, and kg = —wp,w € W H(Q). Accordingly,
the potential energy in this case is

1 MO w
H(k):—” Lxﬁ@,kuﬁkcndsz—jﬁ ( 2+—’“>wds+j£ M2 as
Q 0Q )

2 as o on
1
-3 ” Lopeykphisy dQ — ” ) kg dQ (48)
Q Q

where k.5 € #'0Q and mgﬁ e M \(Q).
The principle of minimum potential energy states that II(k) attains its minimum, when
kg = Napeym,,

1
* o 0
E*m) = klel}/fo{ ] mttnae =5[] Lty dQ} 49)

The above clementary variational inequalities have the exactly same structures as their counterparts in
linear elasticity (see Hill, 1963b). Now, we are in a position to discuss the associated elementary bounds.
Consider the deflection prescribed boundary condition, and let the boundary conditions compatible with
the prescribed deflection value at 6, i.e

w(x) = —%(kxﬂ)xaxﬁ Vx € 0Q (50)
In other words, w € #71(Q2) N W 3(Q)=W4(Q). Yw € W,(Q), we make following decomposition,

w(x) = —%(kymx“xﬁ +p(x), VxeQ (51)
It is obvious that p(x) = 0, Vx € 92, and ﬁ | Jo Prp dQ = 0. One may further derive that

1 1
@ JJQ Pop dQ = @ E{)ﬁg Pl ds = 0:9,« =0, VxeaQ 52)

Let k;ﬁ = —p 5. We may define a null space of L*(Q) as

1
K,1(Q) = {k1ﬁ|ka[} = —Wpup, W (S COZ(.Q) and @ JJ ka/; dQ = 0} (53)
Q

such that k.3 = /Ea,; + k;ﬁ and k’ € K,(Q). Following Willis (1989), by denoting U(k) = U(k, k'), the
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overall potential energy can then be defined as

(k) = inf i” Uk, k') dQ (54)
Q

ek, (@) |8

For linear elastic thin plate, one can identify fY(l_{) immediately,

1 L/ _ 1 A ’ A / 1 A
o ”Q Uk k) a2 = 5 ”Q Loy (o + K3y ) (Key + K, ) 42 0 “g Lagnkeaphcy 4Q

1

= 5 (map) (Kog) (55)

As a matter of fact, Yw € W () N W 3(2), and Vm,g € M 1(Q2) N .M>(2), by Lemma 2.4 one may show
that

1
(mk) = o ” mk dQ = (m): (k) (56)

Then the overall potential energy under the prescribed deflection boundary condition is
Sy 1
k) = E<m>:<k) (57)

The inequality (42) can then be modified as

n+1

k) = . el{r(lﬂf(g)H(k k) <k = Zc 11,(k) (58)

where ¢, =h|Q,|/h|Q| = |2,]/1Q|, and II,(k):= [ [,,, U(k) dQ. Eq. (58) is the well-known Voigt bound.
_For the second type boundary problem, the prescribed force boundary conditions (Q, + dM,s/d5) =
V, and M,, = M, is chosen such that they are compatible with the special boundary value of moments:

Mg = (Myp),  Myp p=0, VX €dQ
For m,p € #1(2) N M »(£2), we make the decomposition
myp = <moc/i’> + Tap (59)

By virtue of Lemma 2.3, it can be readily shown that

Ty =0, Top, p =0, VxeBQ:>|(12|JJ T,3dQ2 =0 (60)
and furthermore, 7,5 € M, where

M,(Q); = {maﬁ|ma/ﬁ, o =0, ﬁ JJQ myp dQ = 0} (61)
Accordingly, one can define the overall complementary energy potential as

I(m):= inf I'(m,7) (62)
TeM,(Q)
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Again, for linear elastic plate, we can identify r (m) as

- 1 - _ 1 - 1
PG = 3 [ | (v Nagea v+ 720) 022 5 [ | (o) 4@ = Smgh ) (63
Q Q
The variational inequality (62) furnishes the estimate
n+1
I'(m):= mf F(m 1)<I(m) = Zc I.(m) (64)

TeM,
l r=1

where I'.(m) = [ [, U*(m) dQ Eq. (64) is the well-known Reuss bound.

3.2. The Hashin-Shtrikman/Talbot—Willis type principles

Consider the first type (deflection prescribed) boundary-value problem. Let w € #7(2) be a special
kinematic admissible deflection field, which is the superposition:

w(x) = w'(x) + w!(x) (65)

such that w’(x) is a solution of the first type boundary-value problem in the comparison plate, which

has the elastic stiffness, Luﬂw’ and w!(x) € C2(2). Accordingly,

kap = Ky + ki (66)
where {kg}:={—w,) € B, the closed subspace of [ 2@Q)P. In addmon that (w?, k? 5) is kinematically

admissible, for the comparison plate, we have: ma/), = Loc/fwkw’ aﬁ . =0. We are looking for the
solution of the following optimization problem:

(The primal problem) Z: kme (k") (67)
€
where
1
1), 0. 1l _ 0 1 0 1
(k"= ”Q U +K') a2 = 5 J JQ Lugn (K + Kby ) (K2, + L, ) a2 (68)

Let m* € B*, the dual space of B. Define the dual potential IT*(m*),

m*(m*) = sup{(m*, k') — m"}. (69)
k'eB

We say, m* € B, the set of annihilators of B, if
(m*, k') = ”Q gkl dQ =0 (70)
which posts additional constraints on m* (see Lemma 2.1). Subsequently,

nk") + m*(m*)>0, vm* e B° (71)

it then implies
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—IT*(m*) < inf 2<M(K") (72)
k'eB

This also suggests a dual problem

(The dual problem) 2*: sup { — IT*(m")}. (73)

m*eB°

For practical purpose, instead of optimizing the dual problem (73) of the deflection prescribed
boundary-value problem, it is often convenient to consider a somewhat equivalent problem: optimize the
complementary potential energy under the force prescribed boundary-value problem. Define

. 1
Im') = J L U*(m+m') 4o = ] J L Nogen (i + kg ) (i, + i, ) a2 (74)

where m = m° +m' is a special statically admissible moment field; in which m° is the solution of the
second type boundary problem in the comparison plate, and m' is the perturbation, such that m!' e
H(Q) C [LA@F.

Consider the optimization problem

2, inf I'(m") (75)
m!eH(Q)
It has a duality approach too, i.e. Vk* € H, the annihilator set of H, i.e.

Hoz{k* ”Q mygkly dQ =0, Vm' € H} (76)

The restriction on ks has been stated in Lemma 2.2. Consequently, we have

(k)< inf 2;<I'(m') (77)
m! eH(Q)
where
r*(k*):= sup {(m', k*) — r(tm")} (78)
m!ecH

Remark 3.1. The conditions that define the annihilator sets of B and H, (70) and (76) have important
physical interpretations. Eq. (70) is related to the virtual work identity

kg de=| | g (Ko — Kp) 42 = 0 (79)

and (76) is related to the virtual complementary work

* 1 _ * 0 —
epmgde=| | Kip (o = mly) 42 = 0 (80)

Now, we are in the position to derive the Hashin—Shtriman/Talbot—Willis type principle. Introduce
two comparison of functionals
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1 1
1).— 0 1 — 0 0 0 1 : 3
T,k )._5 “Q Up(k® + k') dQ = 3 “ Lw(k 0k, )(k@ + kzn) dQ, if Ly — LYy, > 0

1 .
Mo(k)=3 ”Q Uo(Kk + k') a2 = 3 ” Ly, (K5 + Ky ) (K5, + K ) 4. if Lagey — L, <0

and the associated potential differences

FKD):=11(k") — 1o(k"),  ALypy=Lagzy — LYy, > 0 (81)
FRD=11") — 1°0"),  ALypey=Lagzy — L)y, <0 (82)

Then define the moment polarization tensor t,g, such that
Myp = Lmﬁmkw + Typ, OF Typ = (ng,, — Lgﬁg“n)k@? (83)

By the transformations,

F(t) = sup{(c. k') — Fk)} (84)
k'eB
F(r)= i B{(r k') — A"} (85)

Note that the supremum in Eq. (84) and infimum in Eq. (85) are attained when Eq. (83) holds. It can be
readily shown that the primal problem can be realized by the following comparison strategy,

inf {(z, k') + 11o(k")} — F*(x) <inf 2 < inf {(z, k') + 1°(")} — F(7) (86)
k'eB k'eB
Substituting kj,=AL g 7y, — k), into Eqs. (84) and (85), we have

F*(t)(or F (1))

1 1
= “Q{fa,;k“,; = SALsgeykyhoy — SALapeakypht, — Lugnkyghe, + Lgmkwkén} dQ 87)

1 -1 0
= ”Q (ALt apres — Tkl ) a2

Compute
= inf {(z. k') + o)} — F(1) (88)
k'eB
I=inf {(z, k") + 1,k } — F¥(x) (89)
k'eB

The infima are attained when (recall and compare with the Remark 3.1)
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” (L3gekcn + 2op ) by 2 = 0 (90)
Q
or the subsidiary condition if the functions involved are sufficiently smooth

(Lol +7p) =0 O

of

One will find that

1
) 0 -1 1 0 7.0
Ior D) = JJQ{ Up(k°) 3 (AL“ﬁanxﬁr@ Tapkyp 2I“Bkaﬁ> } dQ (92)

We just showed that Eq. (86) is exactly the same as the Hashin—StriLman—Hill type inequality:

”Q(U(k) - Up(k)) d@ — ”

1/
Q{z(ALaﬁllnrxﬁrg,, — Tapkly — 2raﬁkgﬁ) } dQ (93)

The direction of the inequality depends on the positive definiteness or negative definiteness of the tensor

AL;BlCn' Similarly, consider the prescribed moment boundary-value problem and introduce two
comparison functionals

1
1 0 0 1 0 1 . 0
Tolm') = 3 ”Q N, (ml,, + m“ﬁ) (m;,? + m:n> dQ, if Nyggy — Ny, > 0
1
To(m') = 3 JL) Nige (mgﬂ + m;ﬁ)(mgn + mén> dQ. if Nygy — Ny, <0
and form the potential differences

Gm":=r(m") — ry(m") (94)

G(m"):=r(m") — I'y(m") (95)

Recall that m” is the solution of the prescribed moment boundary-value problem and m' belongs to a
closed subspace of [L3(Q)]>. By defining “the polarization curvature” as

Nopi= (Nalfin - Ngm)’”ln» or k= Ngﬂgqmcfi + Mg (96)
the dual potential differences can be realized as

G*(ny=sup {(n, m') — G(m")} (97)
m!eH

G_*(rl)zz inf {(n, m') — G(m")} (98)
m'eH
which ensures the following estimate of optimization problem (75)

i]an{(r], m') + Iylm")} — G*()< inf Py< 1Ian {(g,m") + r'Gm")} — G"(m") (99)
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Substituting m); =AN i, 0., —m into Egs. (97) and (98), the supremum and infimum will be attained,
and it yields

—* 1
Q*('l)(or G ('1)) “Q{QAN ey — ”aﬁmgﬁ} de (100)
Compute
Ji= me{( m') + rm)} — G () (101)
J: ilan{(n, ml) + Fo(ml)} — G*(n) (102)

Again, recall Remark 3.1 the infima can be reached if the principle of virtual complementary work is
applied

J’JQ(NO(/}MWQ" + m{ﬁ)m;ﬁ d2 =0 (103)

which is equivalent to the following subsidiary conditions if the functions involved are sufficiently
smooth,

my =0, €y kip =0 (104)

where k= NY

1ﬁgﬂmén+naﬂ.lt is not difficult to find that

- 1
Jlor J) = JJQ{ U*(m°) — E(AN;[;]C”W“MQ, — n%ﬁm;ﬂ — 217a/3mgﬁ) } dQ (105)
The variational estimates (99) take the form,

« 0 1 _
JJQ(U*(m) — Upj(m)) dQ — 3 JL{ANWI@%/;"Q, - naﬁmolc/f - 2’7aﬁm2ﬁ} dQ (106)

4. Overall elastic stiffness estimate

In this section, the elastic stiffness/compliance of suitable composite plates are estimated. Consider
isotropic case:

D(1 —v)
Lz[f{n = T(éo@éﬁﬂ + 51;75155) + Dvéaﬁégq =D(1 — V)Ia/;gﬂ + ZDVJa[;gW (107)
1-v) 1 1
— P nOpr) — ————<0, = 1, ——Jup 108
Nﬁﬂw 2D(1 — )(50&.5/”11 + 0 15&) D(l v2) ﬁéw D(l V) Bln — D1 —v2) Bln ( )

where ]1[;&,::%(5@5[;" + 5(1,75[%), Jaﬂgﬂ==%5a[;5§n. Define Kiﬁlﬂ::%(éiléﬁﬂ + 5“,75/gg — 5a[g5§,1). Thus, I=J+K
and J-J=J,J- K=K-J =0, K-K =K. The elastic stiffness and compliance tensors can then be put
into canonical forms
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Lopey = 2KpJapey + 214, Kopry (109)
1 1
Nopey = Efaﬁg“n + EKaﬁCn (110)
where
D,(1+v) ER®
Kp=—y = 24(1 —v) (1
D,(1 —v) ER
= = 112
Ky 2 24(1+v) (112)
Dp - Kp + ‘Llp, (113)
y= 2"t (114)
Kp + 1,
4.1. Hashin—Shiribman type upper/lower bounds
It can be shown that (see Appendix B)
w==—21=-JJ 2®(x' —x)[t — (1)](x") dQ’ (115)
Q
Hence Eq. (93) takes the form
2(ITy — )(r, AL™'7) + (x, Z1) — 2(1, k°) (116)

which has the same form as the linear elasticity solutions, except that stress polarization becomes
moment polarization and strain perturbation becomes curvature perturbation. Following standard
procedure (again readers are referred to Willis, 1977, 1981 or Walpole, 1966a, 1981), one should have
no difficulty to derive that

k(L — Dk<0 (117)

where L = Zlec,,L,,Ar(ZlecrA,‘)*1, A, =[I +Py(L, — Ly)] ! For macroscopically isotropic plate (see
Appendix B)

Pyl =Lo+L; (118)
and Lj=2i*J + 20K with 1% = ;s =21 + 0.
Remark 4.1. By using the variational inequalities (106), one can also derive that

m(N — N)m >0 (119)

where N = Y7 ¢,N,B,(3"_,¢,B,) ', B, =[I4+Q,(N, —Ny)] 7! with Q) = Ny + N# and N =-L.J + ;LK.

218 2
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Let
Kpi= max {x\) K=
= P ¢ = Hg
1<r<n
i (r) * __
Kp= min K, 1, K =y
1<r<n

[tg*= max {ug)}, ﬂ;j = 2K + g

1<r<n

pp= min {u},")}’ W= 2K+ gy (120)

1<r<n

Since (see Walpole, 1969),

L= Xn:crL,.A,(Xn:c,.A,) {ZC, ,+ L] 1} ~L (121)
=1 r=1

it readily yields

i -1 [ -1
Zc, (;c, ;c(’ ) — K <K, < Zc,.(;c; + K},")) — K, (122)
| r=1

—1 —1
Zc,(u; (')) — U <p, < Zc(ug ")) — 1 (123)

The above results resemble the classical results in micromechanics of linear elasticity (Hashin and
Shtrikman, 1962b; Walpole, 1969) in character, but having different physical contents as well as
numerical quantities. By adding Egs. (122), (123) and utilizing Eq. (113), an explicit estimate for the thin
plate’s rigidity is obtained

|:r2n1:c,.(rc7 + K,(,')) —li| [ZC' (Hz + ,A»)) 1:| —2D;<D,< [XH:C,‘(K; I Kg)) —1:|

r=1

n -1
+ [Zcr(ﬂ; + u,(,’)) } — 2D, (124)
r=1

Following Hill (1965), we denote
Kp

125
KP+K; ( )

opi=

u
Bpi=—->" (126)
"yt
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One may verify that

I+v 1
a=1-2p, o =~ B, = Z(l —v) (127)
1 o 1
—1<v§§:>0<ocp_z, §<ﬁp£§ (128)

It is interesting to compare them with their counterparts in linear elasticity:

14+v
Oe = m (129)
2(4 —5v)
Pe=T50=w) (130)

For the thin plates that are made of two phase composite materials, assuming x{" —x{? > 0, u!) —

1P > 0 one will have
(D) (2) o2 (D)
@) 61<Kp K[’ ) M Lz(Kp Kip )
K, + <Kkp<k, + (131)
1+ c2040 (KE)I)/KI(JZ) - 1) 1+ 10,1 (KLZ)/KI(}) _ 1)
(1) () ) (1)
M (14— ?) <, <p) + (i~ 1) (132)
P <p, <,
L+ 2By (/) — 1) Ut e (W /) = 1)
They lead to the following estimate of the thin plate’s rigidity
o (Kl()l) _ K;z)) cl('u;l) _ 'u;z))
Dy +
I+ ‘72“/’2(’65:”/'“22) - 1) L+ (u},”/#},” - 1)
<D,<
(2) (1) (2) (1
Cz(K) — K ) 02(,“ —u )
D+ e L (133)

+
1+ cro (KE,Z)/KI(,I) - 1) 1+ 01[)’1,1(;1;72)/%(71) _ 1)

At least in mathematical formality, Hashin—Shtrikman bounds in linear elasticity provide estimates for
the plate’s rigidity based on ‘““folk wisdom”, if the applicability is granted, though these estimates are
not optimal in general. The interesting part is that, there exists a direct comparison between the
congruous bounds and the Hashin—Shtrikman bounds. For the case of two phase composite plates, this
could be done by taking the thick plate as a 3D isotropic elastic medium, and first evaluating the bulk
and shear moduli via Hashin—Shtrikman bounds
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Aeft = Aefi(A1, A2, €1, €2) (134)

Getr = Gert(G1, G2, €1, 2) (135)
and then deriving the effective Young’s modulus and Poisson’s ratio as

Geff (3)veff + 2Geff )

Eos = 136

ot Jeft + Gesr (136)
Jecti

Veff = ———————— 137

& 2(Jett + Gefr) (137)

and finally the effective flexural rigidity,

Eeieh?

Dair = 12(1 - Vesz).

(138)

The comparison between the congrnous bounds and the Hashin—Shtrikman bounds are displayed in
Fig. 4(a) and (b). In the first examples, the Young’s modulus of the E-glass fibers is: 70 GPa, and its
Poisson’s ratio is: 0.25; the Young’s modulus of epoxy matrix is: 2.8 GPa and its Poisson’s ratio is: 0.35.
In the second example, the Young’s modulus of the Graphite fibers is 230 GPa, and its Poisson’s ratio is
0.26; whereas, the Young’s modulus of the epoxy matrix is 3.19 GPa and its Poisson’s ratio is 0.35. One
may observe that first the congruous bounds and Hashin—Shtrikman bounds are very close in both
examples; second, in both examples, the congruous bounds are tighter than Hashin—Shtrikman bounds,
because the congruous bound gives higher estimate in lower bound, and it offers almost the same
estimation on upper bound (see: Fig. 4(a) and (b)). This makes sense because based on the Love—
Kirchhoff assumption, the thin plate should be stiffer than the unconstrained 3D elastic continuum.

4.2. Self-consistent estimate

Because of the similarity between the mathematical structure of thin plate’s governing equations and
the governing equations of linear elasticity, the general framework of self-consistent approximation
within the realm of linear elasticity should be valid in the thin plate theory as well. One can simply
replace “‘eigenstrain” to ‘“‘eigen-curvature” and “‘transformation stress” into “‘transformation moment”.
Of course, the physical interpretation on elastic stiffness is different, and most of all, the transformation
tensor P is entirely different in quantity. Based on the equivalent inclusion theory (Hill, 1965;
Budiansky, 1965), we assume that there exists a overall constraint stiffness, L*, or compliance, N*, such
that in each phase of the plate

m, —m = L*(k — k,) (139)

k. —k = N*(m — m,) (140)
or

(L* + L)k, = (L* + L)k (141)
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Fig. 4. Comparison between the congruous bounds and Hashin—Shtrikman bounds on the thin plate’s rigidity: (a) the solid line:
congruous bound; (b) the dash line: Hashin—Shtrikman bound.
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(N* 4 N,)m, = (N* + N)i. (142)

Here, the physical quantities are the average moments and average curvatures. Apparently, this
postulate makes sense in the generalized eigenstrain formulation. Furthermore, from Egs. (141) and
(142), one may derive,

U Cr _ 1 _ 4 _1 —1_

;Lr o ad T ke P:>;cr[(L,. ~L)'+P] =0 (143)
) AL I S o /(N S R (144)
r:lNr+N_N*+N_ r=1 " ' -

or in the equivalent forms

n

n -1
L=1> ¢L[I+PL,—L)] - } { > [T+ PL, —L)] - } (145)
r=1

s=1

n n -1
N = Zc,.N,[I +Q(N, —N)] - } { ch[l +Q(N; = N)] - } (146)
r=1 s=1

To entertain the thought that this thin plate version’s self-consistent scheme is practically useful, in what
follows, we calculate the elastic stiffness for a special two-phase composite plate — a sheet of “Swiss
cheese”” (Fig. 5), in other words, one phase of the composite (say phase 1) is taken as cavity, which
implies that LI =0, or «{l) = 0 = u{l) = 0. For two phase composite plate, Eq. (143) takes the form

1 + (&) .
L-L, L-L,

P (147)

where

Fig. 5. A piece of “Swiss cheese”’, an example of thin plate with distributed cavities.
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2Kp +2u, 4K, + 4, 2Ky 2p,

Let «{!) = u{l) = 0 We can solve «,, in terms of p, i.c.

(2)

KU1
Kp = —r—— (149)
ar +pu,
and p, satisfies the following quadratic equation,
12+ [+ e + (1= 2008w, + (1 = 3P = 0 (150)
If the matrix is incompressible, KI(,2)—>oo, we have
Bea—1)
= — 151
’ l4+c 7 (151)
C2 (3('2 - 1) (2)
_ 2 152
P (At ) (152)
and
(Bea —1) )
D,=—"— 153
’ (1 + C2)C1 'up ( )

Obviously, the volume of the cavity should not exceed two third of the total volume of the plate. It is
interesting to note that the similar problem solved in the context of linear elasticity (see Willis, 1981),
the total cavity volume should not excess to one half of the total volume of the composite medium.

5. Conclusions

The basic idea of the approach taken in this study is that, one assumes the establishment of thin plate
theory first, or a priori, then proceeds homogenization posteriorly; whereas, the conventional thought
implicitly assumes that homogenization should be performed first, whereas, the establishment of
structure theories comes second. By reversing the order, this paper presents a synergetic approach of a
micromechanics that is congruous with the Love—Kirchhoff plate theory. It is demonstrated that there is
parallel structure between the micromechanics in linear elasticity and the Love—Kirchhoff plate theory.
This type analogue, we believe, exists in other ad hoc structural theories as well, such as Reissner—
Mindlin plate theory (see Li, 1999) and linear elastic shell theory, though the mathematical structure
might be more complex than what have been shown here.

To study and to develop micromechanics models that are congruous with the particular structural
mechanics will provide engineers alternative methods to analyze associated composite structural
components. It is fair to say that this new approach may shed some new light on understanding
composite structures through structural mechanics point of view, rather than just from the viewpoint of
material science. This contribution provides, in the first time, a congruous estimate of elastic stiffness of
elastic thin plate. Even though the formulas derived in this paper resemble the classical formulas of
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linear elasticity in character, they obviously differ in quantities. Nevertheless, the application of this
theory is subjected to certain restrictions, such as distribution patterns of inhomogeneities.
Acknowledgements
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Appendix A. Evaluation of tensor S,
Based on formula (35), we calculate the tensor S

_ 2
3 v)I1 3 (1 —v)a; I

= 154
St = = (154)
(1+v) (1 —v)a;
St = I — 211, (155)
4n 2n
1-v) (1-v)
Si212 = Sa121 = o (L +5h)— 4—n(012 + a3l (156)
(1+v) (1 =v)a?
S = I — L1» (157)
dn 2n
B3-v) (1 —v)a?
S = L — 21 (158)
4n 2n
Stz =S =0 (159)
S22 =801 =0 (160)
Sioit =S =0 (161)
S1220 = 82120 =0 (162)
where
1 2n 2
1M=—2J L4, u=1,2 (163)
a;Jo &
1 2n ]2]2
L =— ZJ “ P a0, p=1,2 (164)
a“aﬂ 0 g
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which satisfy the following identities

L+L=2n (165)

6112[11 +(a12+a22)112+a22122 =2r (166)
2 2

a a 1 1

LIy 42l + 3In = =1 + b (167)

a; a a; a

In Qin et al. (1991), both expressions of Sj;;; and Sy involve with 75, which seems to be
unreasonable.

Appendix B. Derivation and evaluation of integral operator ) _

Consider the fundamental solution of the governing equation:

0 o)
LG Zptn

X, x') +0(x—x")=0 (168)
(x, x")

00

or Mgﬁ iee x') = d(x—x"). The corresponding Green’s function is

G®(x,x') = — rnr (169)

1
8nDO
Consider the subsidiary equation

(Eoperkly + ) =0 (170)
with the boundary conditions w'(x) = 0, aa‘—zl(x) =0, Vx € Q2. Multiplying subsidiary equation (170) with
the Green function (169) and integrating it by using Gauss theorem, one will have

wl(x) = —JJ G (X" — %) (o — (1)) () dQ" + +
o

39{ — Lgﬁgnw}@] + Tup — (Top) }naG °[§’ ds
_ 1;39{ — LWl T 1y G dS (171)
From Eq. (170), we know that
jﬁm{ — L W, + o }nﬁ ds =0 (172)

Then, it is plausible that T = {—Lgﬁ@w}W +1.p, «Jnp oscillates about zero. The same will be true for the
term Ty — (T4p))np. It will be most likely that the term Lgmw}c,wn,; too oscillates around zero, because
both, 32w'/8sdn and 82w'/ds? are actually zero on the boundary. Thus, by the Saint—Venant principle?,

in the interior region

2 A plate version of Saint—Venant principle is presented in Berdichevskii (1973).
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1 [ ’ l i
w(x) = —JJ G’“ﬁ(x ,x)(r“/; — (1,9))(x) dQ (173)
Q
and subsequently,

kp= — Z‘E = —JJ kS = X) (T — (1) ) (%) dQ (174)
2

Remark 7.1. Unlike in three-dimensional elasticity, where there is only one boundary integral, there are two
boundary integrals in (171). The argument made for neglecting the first boundary integral is probably not
convincing. On the other hand, however, consider the fact

Wiu = — JJQ G?ﬂiu(‘faﬂ - (‘wﬁ)) dQ + ig{ — Lgﬁg,?W,lgq + Top — (Top) }n“G ?Ezu ds
a EEQ{ a LgﬁCﬂW}Cm + Top o }n,;G ondS 175

Assume the boundary 9Q is in the remote region, G %0, the contribution from the first boundary
integral is insignificant anyway.

Remark 7.2. In both Willis (1977, 1981), the author argued that the effects of those boundary integrals are
restricted only in a boundary layer around the boundary of the continuum, such that, for interior points of
the domain, those effects can be neglected because they are away from the boundary. Nevertheless, if one
views a thin plate as a 3D continuum as part of the boundary, both its upper and lower surface are very
close to each other, no interior point within the plate is truly far away from the boundary. Thus,
characterized as a lower order manifold, the thin plate presents itself as an exception to those arguments.
It, therefore, seems to us that this is another incentive to develop a thin plate version micromechanics
theory.

Next, assume that the distribution of inhomogeneities is macroscopically isotropic and statistically
homogeneous. Therefore, we can evaluate ) 7 inside a circular region Q,, in which 7,5 — (1,5) is
considered to be constant. Thus, one only need to evaluate

szjj Z“@)dQ::JJ kS, 402 (176)
Q ra 'Q"a

where ©Q, is a circular region. By utilizing the result in Section 2, after some calculations, it is not
difficult to find that

o0 1
G
P“ﬁ‘:’? = JJ ’ ka[;’ Z,7(X) dQ = W{émnéﬂg + 51@'5[3;1 + 51/35;11}
= Jopon + Ko (177)
4@+@)”“ (@+@)‘w
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that is

1 1
= J+ K
260+ 2157 20 + 2

P, (178)

with kj:=p7, ,u;==2;c2 + ,ug.

References

Berdichevskii, V.L., 1973. An energy inequality in the theory of plate bending, Prikl. Mat. Mech. 37, 940-944; J. Appl. Math.
Mech. 37, 891-896.

Bisegna, P., Luciano, R., 1996. Variational bounds for the overall properties of puezoelectric composites. Journal of Mechanics
and Physics of Solids 44, 583-602.

Budiansky, B., 1965. On the elastic moduli of some heterogeneous materials. Journal of Mechanics and Physics of Solids 13, 223—
227.

Christensen, R.M., 1979. Mechanics of Composite Materials. Wiley, New York.

Eshelby, J.D., 1957. The determination of the elastic field of an ellipsoidal inclusion, and related problems. Proc. R. Soc. London,
Ser. A 46, 376-396.

Ekeland, I., Temam, R., 1976. Convez Analysis and Variational Problems. North-Holland, Amsterdam.

Naghdi, P.M., 1963. Foundation of Elastic Shell Theory. In: Sneddon, I.N., Hill, R. (Eds.), In Progress in Solid Mechanics, vol. 4.
North-Holland, Amsterdam.

Naghdi, P.M., 1972. The Theory of Shells and Plates. In: Flligge, S., Truesdell, C. (Eds.), In Nandbuch der Physik: Mechanics of
Solids II, vol. VI. Springer-Verlag, Berlin.

Hashin, Z., Shtrikman, S., 1962a. On some variational principles in anisotropic and nonhomogeneous elasticity. Journal of the
Mechanics and Physics of Solids 10, 335-342.

Hashin, Z., Shtrikman, S., 1962b. A variational approach to the theory of the elastic behaviour of polycrystals. Journal of the
Mechanics and Physics of Solids 10, 343-352.

Hill, R., 1963a. Elastic properties of reinforced solids: some theoretical principles. Journal of the Mechanics and Physics of Solids
11, 357-372.

Hill, R., 1963b. New Derivations of Some Elastic Extremum Principles. In: In Progress in Applied Mechanics—The Prager
Anniversary Volume. Macmillan, New York, pp. 99-106.

Hill, R., 1965. A self-consistent mechanics of composite materials. Journal of the Mechanics and Physics of Solids 13, 213-222.

Kellog, O.D., 1953. Foundations of Potential Theory. Dover, New York.

Li, S., 1999. On micromechanics theory of Reissner—Mindlin plates, Acta Mechanica, in press.

Love, A.E.H., 1926. A Treatise on the Mathematical Theory of Elasticity. Cambridge University Press, Cambridge.

Mura, T., 1987. Micromechanics of Defects in Solids. Martinus Nijhoff Publishers, Dordrecht.

Nemat-Nasser, S., Hori, M., 1993. Micromechanics: Overall Properties of Neterogeneous Materials. North-Holland, Amsterdam.

Parton, V.Z., Kudryavtsev, B.A., 1993. Engineering Mechanics of Composite Structures. CRC Press, Boca Raton.

Qin, S., Fan, H., Mura, T., 1991. The eigenstrain formulation for classical plates. International Journal of Solids and Structures
28, 363-372.

Reuss, A., 1929. Berechnung der Fliessgrenze von MischDristallen auf Grund derPlastizitatsbedingung fur Einkristalle. Z. Angev.
Math. Mech 9, 49-58.

Smyshlyaev, V.P., Fleck, N.A., 1994. Bounds and estimates for linear composites with strain gradient effects. Journal of Mechanics
and Physics of Solids 41, 1851-1882.

Timoshenko, S., Woinowsky-Krieger, S., 1959. Theory of Plates and Shells. McGraw-Hill, New York.

Talbot, D.R.S., Willis, J.R., 1985. Variational principles for inhomogeneous non-linear media. IMA Journal of Applied
Mathematics 35, 39-54.

Torquato, S., 1997. Effective stiffness tensor of composite media. Part I: Exact series expansions. Journal of Mechanics and Physics
of Solids 45, 1421-1448.

Voigt, W., 1989. Lehr1’uch der kristallphysik. Teubner, Leipzig.

Walpole, L.J., 1966a. On bounds for the overall elastic moduli of inhomogeneous systems — Part 1. Journal of the Mechanics and
Physics of Solids 14, 151-162.

Walpole, L.J., 1969. On the overall elastic moduli of composite materials. Journal of Mechanics and Physics of Solids 17, 235-251.

Walpole, L.J., 1981. Elastic behavior of composite materials: theoretical foundations. In: Yih, C.-S. (Ed.), Advances in Applied
Mechanics, vol. 21. Academic Press, New York, pp. 169-242.



5628 S. Li | International Journal of Solids and Structures 37 (2000) 5599-5628

Willis, J.R., 1977. Bounds and self-consistent estimates for the overall properties of anisotropic composites. Journal of the
Mechanics and Physics of Solids 25, 185-202.

Willis, J.R., 1981. Variational and related methods for the overall properties of composites. In: Yih, C.-S. (Ed.), Advances in
Applied Mechanics, vol. 21. Academic Press, New York, pp. 1-78.

Willis, J.R., 1989. The structure of overall constitutive relations for a class of nonlinear composites. IMA Journal of Applied
Mathematics 43, 231-242.



